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Note:
o Please write your name on your answer booklet.
e Show all your works and write explanations when needed.

e You may use any fact stated and/or proved in the class but do not forget to quote the appropriate
result.

1. A continuous random vector (X,Y") has a joint probability density function given by

c ifx>0,y>0,z+y<1,
fX7y(CC,y)= 4/3 ife<liy<lyz4+y>1,
0 otherwise.
(a) Find c. 2]
(b) Compute the marginal probability density function of X. [4]
(¢) Compute the conditional probability density function of ¥ given X. [4]
(d) Calculate E(Y|X) and Var(Y|X). [4+4=278]

2. Let X be a random variable and {X,, },>1 be a sequence of random variables such that X, i> X as

n — 0o. Show that X2 4y X2 asn— oo [7]

3. Let X1, X5, X3, X4 be i.i.d. standard normal random variables. For k = 1,2, 3, define

1 k
Y, = \/ﬁ <21: X; — kaH) .

Show that Y7, Y5, Y3 are also i.i.d. standard normal random variables. [10]

4. Suppose X follows a double-exponential distribution with a probability density function

1
fx(x) = Qe_m, z eR.

Compute the characteristic function of X. [5]
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5. Suppose Y1,Ys,...,Y,, is a random sample from a standard Cauchy distribution with common proba-
bility density function

1
= —_— eR.
9(y) A e Y
Compute a probability density function of £ 3" | 'V;. Justify all your steps. [10]

Wish you all the best



